Abstract. Finding a good system topology with more than a handful of components is a highly non-trivial task. The system needs to be able to fulfil all expected load cases, but at the same time the components should interact in an energy-efficient way. An example for a system design problem is the layout of the drinking water supply of a residential building. It may be reasonable to choose a design of spatially distributed pumps which are connected by pipes in at least two dimensions. This leads to a large variety of possible system topologies. To solve such problems in a reasonable time frame, the nonlinear technical characteristics must be modelled as simple as possible, while still achieving a sufficiently good representation of reality. The aim of this paper is to compare the speed and reliability of a selection of leading mathematical programming solvers on a set of varying model formulations. This gives us empirical evidence on what combinations of model formulations and solver packages are the means of choice with the current state of the art.
INTRODUCTION
This paper will focus on the run-time comparison of different mathematical optimisation solvers, complementarity constraint methods and approximation methods applied to an exemplary model of the drinking water supply system in a residential building. For a more comprehensive coverage of this comparison, we vary the number of floors and the inlay pressure, whereas the overall method of modelling the pump system will remain the same. Depending on the chosen solver, complementarity constraint and approximation method, the problem will be modelled as a mixed-integer linear problem (MILP) or a mixed-integer nonlinear problem (MINLP).
Key decision for the topology problem is to find the optimal placement of pumps and pipes. Pumps can be positioned between the floors and pipes have to be laid out to connect the main water connection in the basement with the pumps and the consumers. In addition, the operational parameters for pumps are calculated, e.g. flow rate, power input and rotational speed.
To analyse the solver behaviour for different model sizes and formulations, different variations of the number of floors and the inlay pressure were created. Each combination of a number of floors and inlay pressure specifies a load setting of the pump network model. In this paper 40 different load settings were solved for all feasible combinations of solvers, constraint methods and approximation methods. This led to a total of 400 solved problems. Following solvers and methods were used and will be introduced in more detail in Section 3:
• Solvers: MINLP: Couenne, Scip MILP: Gurobi, GLPK
• Complementarity Constraint Methods:
bigM (linear) and product (nonlinear) constraint
• Approximation Methods for Characteristic Curves:
Linear: piecewise linear approximation by aggregated convex combination (ACC), Nonlinear: cubic, blending-function (Coons) and quadratic approximation
Estimation of Input Parameters
The following values, which are required to model the pump system, are calculated upfront.
Expected Load for Individual Floors
The minimal pressure head H min , flow rate Q, and maximal flow velocity v max for an individual floor are estimated by assuming a standard consumption for a flat following the European industrial standard guideline (DIN EN) [1] . The DIN EN guideline defines a standard flat with a dishwasher, kitchen sink, washbasin, shower, washing machine, and toilette. Information on the flow rates, minimal pressure, resistance coefficients, and maximal flow velocity are given. By applying the foundations of hydraulic systems [2] and assuming the hydraulic case with the highest volume flow and pressure head, the total pressure loss due to friction can be calculated. Including the minimal flow pressure from the DIN EN guideline leads to the estimated load of an individual floor given in Table1. 
Selection of Pipe Diameters
A selection rule for the pipe diameters depending on the flow rate Q is determined. The pipe diameters given in the DIN EN guideline [1] are listed in Table 2 . The guideline also specifies the flow velocity v to to be within specific bounds in order to avoid microbial load and noise. We consider 0 m
Pipe diameter in mm 10 13 16 19.6 25.6 32 39 51 60 72.1 84.9 104 This leads to the selcetion of pipe diameters depending on the flow rate which is shown in Figure 1 . 
Approximation of Pipe Characteristics
Pressure loss due to pipe friction can be represented by the Darcy-Weisbach equation [2] 
with pipe diameter d i , pipe length L, gravitational constant g, average flow velocity v in pipe, friction factor λ and specific pressure loss R. Using the flow rate representation [2]
the specific pressure loss can be transformed to
The friction factor λ can be calculated iteratively for a fixed pipe diameter d i and fixed flow rate Q with Newton's method. Figure 2 shows that the specific pressure loss R depends strongly on the pipe diameter and less on the volume flow. For simplification, we use the maximal specific pressure loss R max for each pipe diameter as an approximation.
Pump models
In this paper, we consider three exemplary pumps from the KSB pump series Hya-Solo: EV 1/0206B, EV 1/0406B, and EV 1/0605B. The characteristics of these pumps can be found in [3] . The pump curves describe the pressure head increase and the power consumption as functions of the flow rate and rotational speed. These pump curves will be approximated with different methods which are introduced in Section 3.3.
MODEL
In this section, the optimisation model is presented. We do not yet focus on constraints that can be modelled in different ways: For complementarity constraints, only the formulation as disjunction is given -the explicit formulations are introduced in Section 3.2. The approximation methods of he pump characteristics are discussed in Section 3.3. The main variables and parameteres which are used in this model can be found in Table 4 .
Objective Function
The model aims to minimise the sum of investment costs C of the components and the energy costs for operating the pumps:
The operational costs c energy are estimated with 0.2951 e/kWh for an operating time of T = 5 years. The costs for the pipe purchase are estimated with c pipe = 50 e/m. For the pumps the investment costs are stated in the Expressed in decision variables, the objective is
Constraints
Pipe indicators model the interconnection of floors. The correspondence of pipes and floors can be encoded by a matrix A where a ij is equal to the index k ∈ {1, ..., n pipes } of the pipe which connects floor i with floor j. Pipes can only be placed from a lower floor to one above, i.e. a ij = 0 ∀j ≤ i. Hence, the number of pipes in the model is given by n pipes = 1 2 n floors (n floors − 1). Only one pipe can be chosen to reach one floor:
In addition, a bigM or product constraint for the following complementarity expression (c.f. Section 3.2) is required to allow a flow rate only if the pipe is selected:
The pipe diameters need to be selected as described in Section 1.1.2. Let the parameters d values (i) be the possible pipe diameters and Q jd (i) the flow rates at the jump discontinuities in Figure 1 .
To model the flow requirements, let I be the (n pipes × m) incidence matrix and D the input (positive value) and output (negative value) flows of the floors. The continuity equation [4] on networks can be implemented by the following constraints:
The pipe friction is included based on the estimation in Section 1.1.3 and can be modelled by a bigM or product constraint for the following complementarity expression which is active in a pipe if the flow rate is higher than 0, i.e., if k Q (i, k) = 1:
The pressure requirement for each floor from Table 1 gives the minimal pressure head H min :
In addition, a bigM or product constraint for the following complementarity expression is required to model the differences of the pressure head between the floors S andŜ for each selected pipe:
The network dependencies are given by:
To include the relationship of flow rate Q, rotational speedn, power P and pressure head ∆H as given by the pump curves, the general constraints are shown here. The exact formulas forP andH depend on the selected approximation method of the pump curves which are described in Section 3.3:
In addition, the variables Q andn need to be restricted to the value range which is included in the pump curves.
SELECTED SOLVERS AND METHODS
This section gives a short introduction of all compared solvers, constraint methods and approximation methods including a quality analysis of the approximation methods.
Solvers
The presented comparison includes four different solvers. Two solvers, Gurobi and GLPK, for linear problems and two for nonlinear problems, Couenne and Scip. Except of Gurobi all solvers are open source. A short general description of the used solver can be found below. Gurobi is a commercial solver for mixed-integer linear problems (MILP), as well as linear problems (LP). A new version of Gurobi can also include quadratic aspects but is not used in this paper. The solver is provided by the company Gurobi [5] . GLPK (GNU Linear Programming Kit) includes an open source solver for mixed-integer linear problems (MILP), as well as linear problems (LP). GLPK works with the GNU MathProg modelling language, which is a supported by the Free Software Foundation [6] . Couenne (Convex Over and Under ENvelopes for Nonlinear Estimation) is an open source solver for mixed-integer nonlinear problems (MINLP). The solver is provided by the Computational Infrastructure For Operations Research Foundation (COIN-OR) [7] . Scip (Solving Constraint Integer Programs) is a commercial open source solver for mixed-integer nonlinear problems (MINLP) as well as for mixed-integer linear problems (MILP). Scip is directed towards meeting the needs of Mathematical Programming experts who are interested in a high level of control and detailed information of the solution process. The solver is provided by the Zuse Institute Berlin (ZIB) [8] .
Methods to Model Complementarity Constraints
In general, complementarity constraints describe the following relation:
We will compare two different methods to model complementarity constraints, which are used to activate and deactivate equality constraints depending on the value of an auxiliary decision variable. The linear bigM method and the nonlinear product method. As the product complementarity constraint is nonlinear, it can not be used with the linear solvers Gurobi and GLPK.
For both methods assume expr = 0 is a linear constraint for a number of decision variables which only needs to be met if the auxiliary binary decision variable k ∈ {0, 1} is active, i.e. k = 0. This requirement can be modelled with the following constraints.
bigM Method
Let bigM ∈ R + be a sufficiently big positive constant. Then the above described requirement can be modelled with the constraint (16).
The choice of bigM needs to guarantee −bigM ≤ expr ≤ bigM for any feasible combinations of the decision variables in expr. Nevertheless, bigM should be estimated as small as possible, as a big value for bigM increases the risk of numerical errors.
Product Method
To reduce numerical errors caused by the bigM method, one can use the standard complementarity constraint in product form (17) for nonlinear solvers instead.
Approximation Method
Pump curves are used to represent the key pump characteristics and show the pressure head increase ∆H(n, Q) as a function over the rotational speed and flow rate as well as the required power input P (n, Q). These pump curves need to be approximated for the MI(N)LPs. For this comparison one linear and three nonlinear approximation methods are used and the quality of all four methods is analysed by validating the affinity laws, c.f. Section 3.3.5.
Piecewise Linearization by Aggregated Convex Combination
An aggregated convex combination formulation based on a Freudenthal triangulation [9] is used as piecewise linear approximation method. The surfaces which describe the pump curves ∆H(n, Q) and P (n, Q) are cut into triangles. In each triangle the curve is approximated by a linear triangle spanned by the grid points of the pump curve. Hence, in each grid point the approximation equals the actual pump curve. In every other point, the approximation is a linear combination of the three surrounding grid points. In this paper a 7x7 triangulation is used which leads to 49 grid points.
Cubic Approximation
For the cubic method the pump curves are approximated with the cubic functions (18) where the coefficients a, b, c, α, β, γ and δ are determined by a regression analysis. In the regression analysis the rotational speed is scaled to the maximal pump rotational speed n ref , i.e.n = n n ref .
The results of the regression analysis for the three different pump models pumps Hya-Solo EV 1/0206B, Hya-Solo EV 1/0406B and Hya-Solo EV 1/0605B are shown in Table 5 for the pressure head increase ∆H and for the power consumption P . In this table one can also find the jj , c.f. [10] . Figure 3 shows the cubic approximation of the pump curve for the pressure increase ∆H(n, Q).
Bending-Function (Coons) Approximation
The Coons approximation method [11] is not physically motivated but based on graphical data processing. It interpolates the pump curve with an auxiliary variable s with 0 ≤ s ≤ 1. The pump curve is approximated as a linear function of s and a quadratic function of the second variable Q:
For all pump models the results of the regression analysis can be found in the appendix in Table  7 and 8.
Quadratic Approximation
A further nonlinear approximation method is a complete quadratic approximation [12] for 0.6 ≤n ≤ 1. This approximation is not physically motivated and does not adhere to the affinity laws. However, due to its lower polynomial degree, it might speed up the computation without too much of a deviation from the cubic approximation.
The approximation for the pressure head increase is the same as for the cubic approximation 3.3.2. Therefore, the coefficients a, b and c can be taken from the cubic regression analysis in Table 5 : Coefficients for the cubic approximation of the pressure head ∆H (right) and the power consumption P (left) for each of the three pump models 10206/B, 10406/B, 10605/B. The coefficients of the other approximation methods can be found in the appendix. Table 5 . The coefficients α, β, γ, δ, and ζ need to be determined in an additional regression analysis. The results for the power consumption P for the three different pump models can be found in the appendix in Table 9 .
Quality Analysis of Approximation Methods
For comparison, four approximation methods are applied. We want to analyse how well they match reality. The functional correlation of pump rotational speedn, flow rate Q and pressure head ∆H are described by affinity laws [13] . They imply the following proportionality:
Q ∼n, ∆H ∼n 2 , and P ∼n 3 .
These proportionality relations can be transformed to the following quality measure (22) for the approximation methods. The error value E indicates the adherence to the affinity law and therefore the fit quality of the approximation method:
To measure the quality of the approximation method, a set of 1000 grid points were inserted in the approximation of the pump curve and the results used to calculate the errors in (22). The results are listed in Table 6 in the appendix. The error analysis shows that all used approximation methods have a similar and low error level. The only exception is the bending-function (Coons) approximation method which causes a higher average error for the pressure head E H for all tested pump models.
OPTIMISATION RESULTS FOR A SELECTED EXAMPLE
In most cases, the topology results of different solver and method combinations for one load setting are the same or vary only slightly, c.f. Section 5.4.
We chose an example with a residential building with three floors. In the optimised topology in Figure 4 one pump of type Hya-Solo EV 1/0206B is used between the second and third floor. Compared to the basic approach to place all pumps in the first floor, the optimal solution for this example reduces the sum of investment costs of the components and energy costs for operating the pumps by 16%. Following the basic approach it is necessary to use the more expensive pump Hya-Solo EV 1/0406B to gain the relevant flow rate and pressure head from the pump in the first floor to the third floor, see Figure 5 .
EMPIRICAL RESULTS
All methods show the expected result of the commercial solver Gurobi excelling clearly in run-time performance, especially for a growing model size.
When comparing the geometric mean of run-times over all problems for the best method per solver, it is necessary to focus on lower number of floors, e.g. 7 or 8 floors. The reason is that the problems with a high number of floors could not be solved to optimality with all solvers and all methods within the time limit of six hours (details see Section 5.2).
For 7 floors the best method combination for Counne and Scip is far closer to Gurobi than for the geometric mean over all methods. This shows the relevance of the right method choice: Scip takes about 9 times the geometric mean time of Gurobi over all problems. When comparing the best suitable method combination for Scip (bigM constraints and quadratic pump curve approximation), it takes only 4 times the geometric mean time of Gurobi. For Counne the difference of the geometric mean run times to Gurobi drops from factor 135 to 28 for the best suitable combination (product complementarity constraints with quadratic approximation).
Number of Constraints and Variables
For all pump characteristic approximations and complementarity constraint methods, the number of constraints as well as the number of variables grow quadratically in the number of floors. The linear approximation has by far the highest numbers with around 4,500 constraints and 8,300 variables for 7 floors compared to the nonlinear approximation methods which all have about 1,500 constraints and 1,000 variables. For 10 floors the linear approach leads to 9,700 constraints and 18,000 variables, whereas the nonlinear methods have 2,500 constraints and 1,600 variables. 
Method Analysis for Individual Solvers
For the nonlinear solvers, we used a total of six different combinations of pump characteristic approximations and complementarity constraint methods. In this section, we show how they influence the run-time of the individual solvers.
Couenne
The highest influence on the run-time of the Couennne solver is caused by the method to model the complementarity constraints, as each approximation method combined with the bigM method has a higher run-time than any approximation method combined with the product method for complementarity constraints. There is also a strong increase of the differences in run-time between the complementary methods starting with seven floors.
Comparing the approximation methods one can see that for bigM complementarity constraints the cubic approximation methods outperforms the quadratic approximation, whereas for complementarity constraints it is the other way around and the quadratic approximation outperforms the cubic approximation, especially for a high number of floors. Even though Coons is a simplification of the cubic equations, it has the highest run time for both complementary methods for a high number of floors; for the product method starting with 7 floors, for bigM starting with 5 floors.
Scip
Contrary to Couenne, for the Scip solver the approximation method for the pump curves has the highest influence on run time. This is shown as every method to model the complementarity constraints combined with the Coons approximation is worse than every complementarity constraints method combined with the other two approximation methods.
Comparing the two other approximation methods, one can see that for bigM complementarity constraints the quadratic approximation method outperforms the cubic approximation. Whereas, for product complementarity constraints it is the other way around, especially for a high number of floors. BigM is the better complementarity constraint method for Scip since for each approximation method the bigM method has a shorter geometric mean run-time than the same approximation method combined with product complementarity constraints.
Comparison of Scip and Couenne
In Figure 5 one can see that Scip with its best combination (bigM complementarity constraint and quadratic approximation) outperforms compared to Couenne's best combination (product complementarity constraint and quadratic approximation), as well as in the overall comparison with the geometric mean run-time of all combinations.
As already discussed in the individual solver analysis, the product complementarity constraint methods works better for Couenne as for Scip. In Figure 5 .4 one can see that for 10 floors this difference is so severe that the in average slower solver Couenne outperforms Scip when using the product complementarity constraint method.
Objective Values and Boundaries of the Presented Methods
In most cases, all solvers, approximation methods and constraint types result in similar topology decisions for the same load setting with only a small deviation in the objective function value due to numerical differences. Only for 4% of all solved problems the objective value deviates more than 5% (but no more than 26%) from the average objective value of all problems belonging to this load setting. In these cases, a small deviation of the topology is possible.
An exception with a different topology decision and objective value deviation of 88% occurs when using the solver Scip with cubic approximation method for one load setting with a high inlet pressure (H 0 = 17 m) with a low number of floors (n floors = 3). For this load setting, the topological solution using Scip with cubic approximation method with bigM as well as with product complementarity constraint method differs strongly from all other solutions of the same load setting. With the cubic approximation method no pump is selected in the whole system whereas one pump is selected in all other solutions of this load setting. We assume it is caused by the high numerical complexity of the cubic approximation method, as the inlet pressure is relatively high for the number of floors. This hypothesis is supported by the solutions for a different load setting with an even higher inlet pressure of (H 0 = 23 m) with the same number of floors (n floors = 3). For this second load setting, all solutions (with all combinations of solvers, constraint and approximation method) contain the topology decision to use no pump, as the inlet pressure is sufficient to supply all floors. 
CONCLUSIONS
• A model to design spacially distributed fluid systems has been developed and verified.
• Savings of energy and investment costs by applying the developed model could be detected for an example load setting.
• Solver runtime was compared depending on various combinations of solvers, complementarity constraint methods and approximation methods for pump characteristics.
• Optimal solutions from different solvers and methods vary only slightly, but the run-times deviate severely.
• Approximation methods with simpler equations can lead to higher run-times. (2) 16.257 0.15 354.673 3.43 Table 9 : Coefficients for quadratic approximation of power characteristic for each of the three pump models 10206/B, 10406/B, 10605/B. The coefficients for the pressure head characteristic are given by the cubic coefficients in Table 5 (left).
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